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CURVATURE OPERATORS AND CHARACTERISTIC CLASSES
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IRL BIVENS

ABSTRACT. Given tensors A and B of type (k, k) on a Riemannian manifold M we
construct in a natural way a 2k form F, (A, B). If A and B satisfy the generalized
Codazzi equations then this 2k form is closed. In particular if R,; denotes the 2kth
curvature operator then F,,(Ry, Ry) is (up to a constant multiple) the kth
Pontrjagin class of M. By means of a theorem of Gilkey we give conditions
sufficient to guarantee that a form constructed from more complicated expressions
involving the curvature operators does in fact belong to the Pontrjagin algebra. As
a corollary we obtain Thorpe’s vanishing theorem for manifolds with constant 2pth
sectional curvature.

If at each point in M the tangent space contains a subspace of a particular type
(similar to curvature nullity) we show that certain Pontrjagin classes must vanish.
We generalize the result that submanifolds of Euclidean space with flat normal
bundle have a trivial Pontrjagin algebra.

The curvature operator, R,, is interesting in that the components of R, with
respect to any orthonormal frame are given by certain universal (independent of
frame) homogeneous linear polynomials in the components of the curvature tensor.
We characterize all such operators and using this characterization derive in a
natural way the Weyl component of R,.

1. Introduction. Let S be a tensor of type (k, k) on a Riemannian manifold
(M, <, >) which is alternating in the first k and in the last k indices. At each point
x € M, S, may be identified with an element of End A*T, M and we write
S € T[End A%(TM)). Given S € I'[End A¥(TM)] and T € I'[End A/(TM)] we
may define S*T € I'[End A**/(TM)] by wedging the respective covariant and
contravariant components of S and 7. The multiplication, =, is associative and
commutative and we have the following formula

1
. S«T(X, AN Xy A\ - NXij) = AT 2 e(0)S(X,ay A\ - - AXowy)
1
AT(Xyeay A\ -+ AXokrp)s
where the sum is over all elements of the symmetric group S, ,;. Let V denote the
Riemannian connection on the full tensor algebra of M.
DeriNiTION 1.1. A Codazzi tensor of type (k, k) will be an element S of

I'[End A*(TM)] such that

0= 2(—1)’+1(V,\3S)(X1 ANXIN - A AAX A AXis)
for all C* vector fields X, X,, ..., X, ,, on M.
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A routine computation shows that if § and T are Codazzi tensors of types (k, k)
and (j, ) respectively then S*T is a Codazzi tensor of type (k + j, k + )).

The curvature operators R,, € [[End A*(TM)] are defined by (RA(X A Y), Z
AW>=(R(X,Y)Z, W) and Ry, = Ry*R,* - - - *R, (k times), where R de-
notes the curvature tensor of M. The second Bianchi identity implies R, is a
Codazzi tensor of type (2, 2) and consequently R,, is a Codazzi tensor of type
(2k, 2k). Asin [7, 9, 10] the notion of the first Bianchi identity may be extended via

DEFINITION 1.2. An element S of T[End A¥(TM)] is said to satisfy the Bianchi
identity provided

2 0=2e()SKomy A"+ AXowo)h Xotksy A Xiwz A+ + AKX,
where the sum is over all elements o of the symmetric group S,,, and
X, X, ..., Xy are any C* vector fields on M.

An element S of T[End A!'(TM)] = I[End(TM)] satisfies the Bianchi identity if
and only if S is symmetric. If Kk = 2 and S = R, then (2) reduces to the first
Bianchi identity for the curvature tensor R. Since the space of tensors satisfying (2)
is closed under * it follows that the curvature operators R,, satisfy the Bianchi
identity.

Given A, B € T[End A¥(TM)] we may define a 2k form F(4, B) by the
formula

F(A, BY(X,, X, - - . » Xop)

(3)
=2 e(0){A(X,uy N\ - - - NAXoy)s B(Xguay A\ - - - AX,20))s

where the sum is over S,, and X, X,, ..., X,, are C® vector fields on M. If 4
and B are Codazzi tensors of type (k, k) then the 2k form F;(A, B) is closed. In
particular F,,(R,,, R,;) is a closed 4k form on M and in fact F,,(Ry, Ry) is (up
to a constant multiple) the deRham representative of the kth Pontrjagin class P, of
M [2, 9]. It follows that assumptions about the curvature operators may imply the
vanishing of particular Pontrjagin classes. For example, a Riemannian manifold
has constant sectional curvature if and only if the curvature operator, R,, is a scalar
multiple of the identity. An immediate corollary is Chern’s result that a manifold
with constant sectional curvature has a trivial Pontrjagin algebra [2].

It is natural to ask what can be said about forms constructed from more
complicated expressions involving the curvature operators (e.g.,
F(R; ° R)*R,, R,)). In Theorem 2.3 we give sufficient conditions for such forms
to lie in the Pontrjagin algebra and derive as a corollary Thorpe’s vanishing
theorem for manifolds with constant 2p sectional curvature [10]. The proof of
Theorem 2.3 relies heavily on Gilkey’s theorem [1] which states that a particular
class of transformations mapping the set of Riemannian metrics on M to the space
of g-forms on M must in fact have values in the Pontrjagin algebra.

In [6] Gray generalized the notion of curvature nullity [3] and defined for a given
integer g, a particular subspace N,, of T,,M. Under the assumption that p =
dim N, is constant Gray showed that P, =0 if k > 3(¢ + n — p), n = dim M. If
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we relax the assumption that dim N,, is constant and redefine u to be the minimum
dimension of N,, then

ProPosITION 2.5. If k > q/2 with 2k =rmodq, 0<r<gq and k—r >
(n — p)/4 then P, = 0.

It then follows as a corollary that P, = O for k > %(q +n— .

In Proposition 2.7 we generalize the well-known result that a submanifold of
Euclidean space with flat normal bundle has a trivial Pontrjagin algebra. The
proofs of both Proposition 2.5 and Proposition 2.7 are “point-wise” in that the 4k
forms F,, (R, R,,) (for appropriate choices of k) are shown to be identically zero.

The curvature operator R, is interesting in that the components of R, with
respect to any orthonormal frame are given by certain universal (independent of
frame) homogeneous linear polynomials in the components of the curvature tensor.
The same is true for the tensors T, T, of type (1, 1) defined by (T\(X), Y) =
Ric(X, Y) and T, = 7] where Ric denotes the Ricci tensor, 7 the scalar curvature
and 7 denotes the tensor of type (1, 1) which at each point of M is the identity
endomorphism. Any element B of I'[End A*(TM)] which has this property we call
a linear polynomial operator and we have the following characterization.

THEOREM 3.1. Let B be a linear polynomial operator in T[End A*(TM)).
@ Ifk =1,B=aT, + bT,, a,b €ER;
®)ifk > 2, B=(aT, + bTy)*I,_, + cR,*I,_,, a,b,c ER,

where I denotes the identity element of I'[End A"(TM)).

The decomposition of the curvature operator R, (and in particular the expression
for the Weyl component) given in [8] follows in a natural way from Theorem 3.1.

2. The Pontrjagin classes. In [2] Chern showed that up to a constant factor the
kth Pontrjagin class P, € H* (M, R) is represented by the 4k form F,, (R, Ry;).
(The formulation in terms of the curvature operators is due to Stehney [9].) In this
section we consider assumptions about the curvature operators which force the
vanishing of particular Pontrjagin classes.

LEMMA 2.1. (a) Let B € T[End A¥(TM)], A E T[End A*"(TM)} and I =1, €
T'[End(TM)). If B satisfies the Bianchi identity then F,(B, AxI) = 0.

(b) Let B,, B, € T[End A*(TM)). Suppose {e,, e, ...,e,} is an orthonormal
basis for T,M such that (e, N\ e N\ - - - Ne,|Ly <L, <:-- <L} is a basis of
eigenvectors for B, and B, at x. If A|, A, € T'[End A"(TM)] for 0 < r < k then at x,
Fy . (B*A4,, Byx4,) = 0.

PrOOF. (a) Routine.

(b) It suffices to show Fy,,(By*4,, By*Ay)e,, e, ..., €, )=0for L, <L,
<+ < Lyyy, This term is a linear combination of expressions of the form
Ces, N- -+ Nes, NX,¢ N - - Ne AY) where X, Y € AT,M and
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{es,» Cee €S, €y ejk} is a set of distinct orthonormal vectors. The value of
such an expression is given by the determinant of a matrix of the form
k

k[0 »
4
r
This matrix is singular for 0 < r < k, and the result follows. []

As an application of these ideas suppose M is a hypersurface of a space of
constant sectional curvature ¢. Let N be a local unit normal vector field on M and
define an associated local tensor, S, of type (1, 1) on M by S(X) = -V xN, where
¥V denotes covariant differentiation in the ambient space. S is symmetric and the
Gauss curvature equations become R, = c/, + 3 S*S, where I, denotes the iden-
tity. It follows that locally R,, is a linear combination of terms of the form
I}~"xS% (where the powers denote star multiplication), r =0, ..., k. Using
Lemma 2.1 and the bilinearity of F,, we conclude that F,,(Ry, Ry) =0,k > 1.
Consequently M has a trivial Pontrjagin algebra. A similar argument using (b) of
Lemma 2.1 yields the following result [4, 9].

PROPOSITION 2.2. If Ry, = ¢S where ¢ € R and S is a symmetric tensor of type
(1, 1) then P, = 0 for q > k.

REMARK. For k = 1 this result is due to Chern [2].

A geometric object w( g) associated with a Riemannian metric, g, on a manifold,
M, is said to have weight k provided w(c%) = c*w(g) for ¢ any positive real
number. Suppose we have a function which associates to a Riemannian manifold,
(M, g), a p form w(M, g). Further suppose that the components of w(M, g), relative
to any orthonormal frame, are given by certain universal (independent of frame)
polynomials in the components of the curvature tensor with respect to the given
frame. If w(M, g) has weight kK > 0 then Gilkey’s Theorem [1] states that w(M, g)
belongs to the Pontrjagin algebra of M and is zero for k > 0. With the aid of this
result we now consider forms constructed from more complicated expressions
involving the curvature operators.

DEFINITION 2.1. B}, = Ry, © Ry o - - - © Ry, (i times), By, = identity.

DEFINITION 2.2. Let I = (i}, ..., i), K = (ky, . .., k;) be multi-indices of non-
negative integers with

() CY = Bje - -+ B,

() |K| = 2k,

(©1-K=Zik.

THEOREM 2.3. Consider F,(Cf, C]) where m = 2|K| =2|L|. If m > I- K+ J-L
then F,(CZ, C}) is in the Pontrjagin algebra and is zero form >1-K + J- L.

PRrOOF. It is routine to verify that the components of F, (C{, C;) are given by
universal polynomials in the components of the curvature tensor (with respect to an
orthonormal frame). R, has weight -2 and consequently R,, has weight -2k, B,
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has weight —2ki, and C; has weight —21 - K. Since F,, has weight 2m the weight of
F,(CL, Cl)is2(m — I- K — J - L) and the result follows. []

A manifold has constant 2k sectional curvature in the sense of [10] if and only if
R,, is a scalar multiple of the identity. As a corollary of Theorem 2.3 we have the
following result of Thorpe [10].

COROLLARY 2.4. If M has constant 2k sectional curvature then P, =0 for q > k.

PrOOF. If M has constant 2k sectional curvature then R,, = cl,, for some
constant ¢. Let m = 2(k + r).

Fm(Rm’ Rm) = Fm(RZk*RZr’ R2k*R2r) = csz(ng*Bér’ ng*BZIr)'
Sincem > 0k + 1r + Ok + 1r, P, = 0forg > k. O

Proposition 2.2 is one generalization of Thorpe’s result. We now give another.
Fix an even positive integer ¢ and a real number c.

DEeFINITION 23. N, = {x; € T,M: R(x; Ax; A\ AXx) =cx; \ x,
A /\xqforallxz, cees X, € T,M}.

Gray [6] showed that if the dimension of N, is a constant, u, then the
distribution, m — N,,, is integrable with totally geodesic leaves. Using this fact he
then proved that P, = 0 for k >3(q + n — p), n = dim M. Suppose now that the
dimension N, is not necessarily constant and let 4 = min,, dim N,,,.

ProrosiTiION 2.5. If k > q/2 with 2k =rmodgq, 0<r<gq and k—r>
(n — pn)/4 then P, = 0.

ProoF. Fix a point p € M, let h = dim N, and let W denote the orthogonal
complement of N,. Choose an orthonormal frame, e, - - - ¢,, at p with e, ..., ¢
an orthonormal basis for N,. Write 2k = jg + r for j > 1 and note that jg —
(n — w)/2 > r. To show P, = 0 it suffices to show

<R2k(ei| AR /\eizk)’ RZk(ef:ku AN /\eiqk)> =0

for any choice of distinct indices i, . .., iy. Since the dimension of Wis n — A,
we may assume without loss of generality that there are m < (n — p)/2 elements
of Wintheset {e;,..., ¢, }.Since Ry is selfadjoint

<R2k(ei| AR /\eiZk)’ RZk(eiun AR /\eiak)>
=(Ry ° Ryle, N )e, A )

Up to a constant factor R, (¢; - - - ¢, ) is equal to
Ee(o)Rq(e,.a(,) AN /\e,.’(q)) AR /\Rq( s /\ei.(/q))
/\Rr(ei,(jq+l)/\ T /\ei,(zk))'

Now the number, s, of elements of N, in the set, {¢, ---¢ 1}, is greater
o(l) o(jq)

than r since s > jg — m > jg — (n — p)/2 >r. Thus up to a constant factor
Ry(e; N\ - -+ Ne, ) is a sum of terms of the form z; A - - - Az, where there are
atleast r + 1 elements of {¢;, ..., ¢, } N N, in theset {z, ..., z5,}. But then by

[PT3

the same decomposition above R, (z, A\ - - - /Az,,) must be a sum of terms of the
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form x; A\ - - - /A\xy where there is at least one element of {¢;, ..., ¢ } N N, in
the set {x,, ..., x5 }. Consequently
<R2k ° RZk(ei| VAN /\eizk)’ eiuu AR /\eilk> =0. D
COROLLARY 2.6. P, =0 for k > 3(q + n — p).
ProOF. Let ¢ = 2p, and choose e,, . . ., e, as above. If u = n then we are done
by Proposition 2.5. Now if 2p >n — p, then any 2p vectors from the set
{ey, ..., e,} must contain an element from N, and it follows that R, = ¢/ and

¢ = n. We may assume then that 2p < n — p. Write k = jp + 5, 0 <s <p. Then
2k =j2p)+2ssothat r=2s. k —r=k —-2s=jp—s=(G—Dp+(p— ).
Nowif (n —p)/4>k—rthen(n—w)/2>G~-~1D2p+2(p—s)Ifjp+s=k
>p+i(n—pw>Q2—Dp+2p—3s) then s> —p+2(p —3s), a con-
tradiction unless j = 1. But if j = 1 we have s > 1(n — p) > p a contradiction.
Therefore k — r > (n — p)/4 and the result follows from Proposition 2.5. []

Our next result will be concerned with immersed submanifolds of Euclidean
space. Suppose M = N, X N, and f: N, - RY immerses N, into R* such that N,
has a flat normal bundle. If f = f; X f, is the product immersion then (1) II(X, Y)
= 0 for X tangent to N,, Y tangent to N, and (2) R(X, Y){ = O for X, Y tangent to
N,, £ normal to M, where R denotes the curvature tensor in the normal bundle.
Furthermore axiomatic properties of Pontrjagin classes imply P, =0 for k
>1 dim N,. We shall now generalize this result to manifolds which are not
necessarily products. Suppose M is a submanifold of Euclidean space.

DEFINITION 2.4. Let C, denote the collection of subspaces @, in 7,M such that
() II(X,Y)=0for X € Q,, Y € W, where W, denotes the subspace orthogonal
to 0, and (2) R(X, Y)§ = Ofor X, Y € W, £ normal to M at p.

Note that 7, M is always an element of C,.

DEFINITION 2.5. (a) g, = min{dim Q,: Q, € C,}.

(b) p = sup, p,.

PROPOSITION 2.7. P, = 0 for k > ;.

PROOF. Let Ny, ..., N, be a local orthonormal frame of normal vectors to M
with A4,,..., 4, locally defined symmetric tensors of type (1, 1) satisfying
CA(X), Yy = II(X, Y), N,>. Locally Ry, =27%(Z4})* where the powers denote
star multiplication. Fix a point x € M and choose a subspace Q, € C, such that
dimQ, = p,. If X € Q,, Y € W, then 0 = 1I(X, Y) = 2{A(X), Y )N, so that
both Q, and W, are invariant under 4;,j = 1,2, . . ., p. The Ricci equations imply
that 4,, ..., 4, commute when restricted to W,. Consequently there exists an
orthonormal basis, e,, ..., e, for W, such that ¢ is an eigenvector for 4,
i=12...,r,j=12,...,p. Extend this to an orthonormal basis e, e,, . . . , ¢,
for T,M. Then {4 (e, ), A,(e)> =0 for i, <r and i, # i, If k >3p and ¢
N Ne, #+ 0 then at least one of the subscripts must be r or less. In this case it
is routine to verify that

Fy(A,xAgx - %A, A, xA;x - - - 24, e, e,....¢

S’ T J2k

and therefore F,, (R,,, Ry,,) = 0. [

)=0
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REMARK. Proposition 2.7 gives a direct proof of the fact that P, = 0, k > 1, fora
submanifold of Euclidean space having a flat normal bundle.

3. Linear polynomial operators. Let M be an n-dimensional Riemannian mani-
fold. Given a local orthonormal frame E = {e,,...,e¢,}, denote by O =
{0' 0"} the dual coframe. If 7 = (i}, ..., §), 1 <j; < n, is a multi-index let
e = /\ “Ne, O =07 N AO By a polynonnal in the components of
the curvature tensor R, we shall mean a real polynomial in the n* variables Zj- If
P is a polynomial in the components of R then P(Rg) will denote the function
given by setting z;;, equal to R, = (R(e;, €)ey, €;).

DEFINITION 3.1. An element, A, of T[End A¥(TM)], k > 1, will be called a
“linear polynomial operator” provided there exist homogeneous linear polynomials,
C,;, in the components of R such that with respect to any local orthonormal frame,
E={e,...,e},A=2Cy(Rp)0 ®e,.

As one example we have the curvature operator, R,. R, may be written locally as
S Rub N ®e Ae. Define tensors T, T, of type (1,1) on M by
(Ty(X), Y) = Ric(X, Y), and T, = 7] where Ric denotes the Ricci tensor and 7
denotes the scalar curvature. It is easy to check that T, and T, are linear
polynomial operators. Furthermore if A4 is a linear polynomial operator in
I'[End A*(TM)] and I; denotes the identity element of I'{End N(TM)) then Aslis
a linear polynomial operator in I'[End A**/(TM)]. The following result char-
acterizes linear polynomial operators.

THEOREM 3.1. Let B be a linear polynomial operator in T[End AX(TM)).
@ Ifk=1,B=aT, + bT,, a,b ER.
®) Ifk > 2, B=(aT, + bT))*I,_, + cRy*I,_,, a,b,c ER.

The proof of Theorem 3.1 will take a bit of time and discussion. Let ¥ denote R"
with the usual inner product and let U = {U;} be the standard basis with dual
basis U* = {U*}. O(n) acts on V in the usual way and on V* by gw(v) = w(g~ '),
g € O(n), w € V*, v € V. The action of O(n) on the tensor algebra is defined by
g(v ® w) = go ® gw. Given a linear polynomial operator 4 € I[End A¥(TM)]
define a linear mapping

4
L: @ V* »>End AV by L(S) =3 C,(S)(U*' ® U,

where the polynomials C;, are evaluated on the components of S with respect to
the standard basis. An orthonormal basis e, ..., e, for T,M determines an
isomorphism of T,M with V given by ¢ <> U;,. Under this 1dent1flcatxon R is an
element of ®* V* and 4 = L(R). Furthermore the definition of a linear poly-
nomial operator implies that g ~'(L(gR)) = L(R) for all g € O(n). Let dg denote
normalized Haar measure on O(n) and define L = | om 8~ Ig dg. Then g 'Lg =
L and L(R) = A. Thus to find A4 it suffices to determine

Homo(,,)( ® v* End A"V)

4
= {L € Hom( ® V*, End A"V): e lg=1L, g€ O(n)}.
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Let N and k be fixed positive integers and define P, € End[@"** V*] to be
alternation over the last k indices. Given o € S, ., we let r(o) denote the number
of integers j > N such that 6(j) < N. For N even and r < min(N /2, k) define a,
a, € Hom,,, (@~ ** V*, A“V) in terms of standard components by

a: W, Ly Ly W}.LJ./sz Lf.f:k]
(N = 2s, square brackets denote alternation) and a, = a ° 7,, where 1, =
2, N+ D)4 N+2)---Q@2r, N +r) € Sy,, permutes the indices of

Wi,

©rLygx”

LemMMA 3.2. (a) Hom, (®™*+* V*, A*V) is nonzero only for N even and in this
case is spanned by {a, =a ° 0,0 € Sy i},

(b) for N even, a, o P, = 0if r(e) > N/2,

(c) for N even, if a, © P, # O then there exists 1 € Sy, such that 7(j) < N for
J < Nand a, = *a, ° 1, where r = r(o).

PROOF. (a) is essentially the corollary on p. 286 of [1]. The proofs of (b) and (c)
are routine and will be left to the reader. [

There exists a mapping G: A — & from Homo(,,)(®’v V*, End A*V) to
Hom,,,(QN*+* V*, A*V) defined by

A(w, @w, ® - - - Owy,y) =[A(Wl ®: - ®WN)](WN+1/\ C AWhik)-

It is clear that this mapping is injective and that @ = @ o P,. For N even and
0 <r < N/2define 4, € Homo(,,)(®” V*, End A’V) by

. L,L, — —_
A" WL Ly MLZL; : L2r |]J|J|lzlz * s (N 2r= 25)

If r < k we may define A I, _, in Homy,(®" V*, End A*V) by A,+I, (W) =
A (W), _, where I, _, denotes the identity in End A*~"V. Let @, 9, _, denote the
image of A4,+I,_, under the mapping 4 — @. A routine computation shows that
a, ° P, is a multiple of &, *9,_,.

PROPOSITION 3.3. Homg,(®* V*, End A*V) = 0 for N odd and for N even is
generated by {(AxI,_,)°7: 0 <r < min(N/2, k), T € Sy}.

Proor. It follows from Lemma 3.2 that l-lomo(,,)(@” V*, End A*V) is zero for N
odd. If N is even and 4 is in Homg,(®" V*, End A*V) then @ = Sa,a, for
some choice of constants a,. Furthermore @ = @ ° P, = Za,(a, ° P,). It will be
shown that given a, ° P, 5 0 there exists 7 € Sy such that a, ° P, is a multiple of
the image of (A4,*I,_,) > 7 (r = r(o)) under the mapping G. The injectivity of G
will then imply the result.

If a, © P, # 0 there exists 7 € Sy, such that a; = *a, ° 7" (r = r(0)) and
7" = 78 where 7 fixes the integers {N + 1,..., N + k} and B fixes the integers
{1,2,...,N}.Now 1’ o P, = &(B)P, ° 7 so that

a,° P, = *o, 017 0P, = *0,0oP o7
which is equal to a multiple of @,*9,_, o 7. Since @,*9,_, ° 7 is equal to the image
of (A,*1, _,) o 7 under G the result follows. []

We now give the proof of Theorem 3.1.
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PrOOF. A generating set for Hom,,(®* V* End A*V) is given by
{A,xI,_, > 7: 0 < r < min(2, k), r € S,}. By evaluating each of these elements on
the curvature tensor R we produce a generating set for the space of linear
polynomial operators. The curvature identities greatly reduce the number of
possibilities. Ay ° 7(R) is always a multiple of the scalar curvature so that for
k > 1, Ap*1, ° 7(R) is always a multiple of T,*I, _,. A*I,_, o 7(R) is always a
multiple of Ty*I,_,. Finally A,+I, _, ° 7(R) is always a multiple of R,+I, _, and
the result follows. []

We now use Theorem 3.1 to derive the decomposition of the curvature operator
given in [8]. Define an inner product ( , ) on End A*V by the formula (4, B) =
trace B’ o A. With this inner product O(n) acts naturally on End A%V as orthog-
onal transformations. Let S, denote the orthogonal complement to the kernel of
trace: End A%V — R. Since dim S, = 1 and the identity 7, is in S, it follows that S,
consists of all scalar multiples of I, and is thus O(n) invariant. If {e,} is an
orthonormal basis for ¥ we may define the “Ricci contraction” Ric: End A?V —
End V by

{Ric B)X, Y) = Z(B(X N¢) Y Ne).
S, = Ker Qic is contained in Ker trace and since Ric is O(n) equivariant S, is an
O(n) invariant subspace of End AV Finally if we define S, to be the intersection
of the kernel of trace with the orthogonal complement to S, then we may write
End A2V as an orthogonal direct sum of O(n) invariant subspaces

End AV =8,9S5,9 S,
The choice of an orthonormal basis for 7, M allows us to identify 7,M and V and
realize the curvature tensor R and the curvature operator R, as elements of @* 1*

and End A%V respectively. We wish to determine the S; component of R, for
L =1, 2, 3. Since I, spans S, the S, component of R, is easy to find and is simply
(Rz’ 1 2) — T
(Ip ) n(n—1)
It is less clear how to find the S, component and it is here that we invoke
Theorem 3.1. Choose an element L of Homg,(®* V*, End A*) such that
L(R) = R, and let 7: End A’V — S, denote orthogonal projection. Since S, is
O(n) invariant 7 o L is also an element of Homo(,,)(®4 V*, End A*) and thus
7(Ry) = (w ° L)R is the value of a linear polynomial operator at p € M. Now
Ric(R,) = Ty, Ric(TyxI) = T, + (n — 2)T,, and Ric(TyxI) = 2(n — 1)T,. Since
Ric(m(R,)) = 0 it follows from Theorem 3.1 that 7(R,) is a multiple of
1 1
C=R,———=TpI+ T.
2T 2 M Ty D —2) 2
C is called the Weyl curvature operator and for n > 4 vanishes identically if and
only if M is conformally flat [5). Thus #(R,) = (R,, C)C/(C, C) = C. The S,
component of R, is then easily computed to be

I,

x].

B=R LY S 1 (T I TZ‘I)
—3 — ———e. — R e—— * — .
2 on(n—1)"? n—2\"! n
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B is the so-called traceless Ricci tensor and for n > 3, B vanishes identically if and
only if M is Einstein.

One further comment may be made with respect to this decomposition of the
curvature operator. It follows from Lemma 2.1(a) that F,,(Ry, Ry) =
Fy(C*, C*) where C* = C+Cx+ - - - *C (k times). Thus the Weyl curvature opera-
tor contains all the information necessary to construct the Pontrjagin classes.
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